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Singularity Analysis with respect to the Workspace of
a Double Parallel Manipulator

Lee, Min Ki and Park, Kun Woo*
(Received July 5, 1998)

Singularity analysis is an important issue in the design of parallel manipulators, since they
become uncontrollable at singular configurations due to the rank deficiency of the Jacobian.
This paper analyzes the singularity of a double parallel manipulator with respect to its
workspace. The workspace is decoupled into a positional workspace generated by the first
parallel mechanism, and an orientational workspace by the second mechanism. The singularities
occurring outside each workspace are analytically found by a Jacobian matrix derived for the
velocity transformation from the end-effecfor to the linear actuators. The singularity loci are
presented and their geometric properties are examined to prove that the double parallel
manipulator is free from the singularity problem.
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1. Introduction

In comparison with serial manipulators, paral-
lel manipulators have several advantages such as
load-carrying capacity, stiffness, and mechanical
inertia (Kerr, 1989). However, it has a smaller
workspace (Gosselin, 1990) and greater complex-
ity in the kinematics and dynamics (Sugimoto,
1987), which has motivated us to design a Double
Parallel Manipulator (Lee, 1995) (DPM) by
stacking two Parallel Mechanisms (PMs) verti-
cally., The DPM achieves simplicity in the
kinematics and dynamics by decoupling the
motion of each PM, and it has a large workspace
by reducing the number of linear actuators in
each platform to avoid link interference (Lee and
Park, 1997). However, Kinematic singularity,
which is an important issue in mechenism design,
has not been examined yet.

The singularities encountered in kinematic
chains can be divided into three main groups
(Gosselin and Angeles, 1990). The first kind of
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singularity occurs when the output link loses one
or more degrees of freedom, and the second kind
of singularity arises at configurations where the
output link is locally movable even when all the
actuated joints are locked. The third kind of
singularity is of a slightly different nature than the
first two since it requires conditions on the lin-
kage parameters. This corresponds to configura-
tions in which the chain can undergo finite
motions when its actuators are locked,
Singularities are analyzed by the configurations
at which the Jacobian determinants become zero
(Gosselin, Perreault and Vaillancourt, 1995).
This is a laborious procedure that leads to incon-
clusive results in the PM since the singularities
cannot be confined to a specific region and also
cannot be easily geometrically ascertained due to
the Jacobian matrix’s functional complexity.
Fichter (Fichter, 1986) studied the singular con-
figurations of a Stewart Platform, While Long
and Collins and Collins, 1995)
geometrically analyzed singularities by line
vectors involved in three pantograph linkages.
However, they have not examined the relationship
between singularities and the workspace, which is

(Long

a more practical issue for avoiding singularities.
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This paper investigates singularity regions with
respect to the workspace to prove that singular-
ities of the DPM occur outside the workspace.

2. Structure of the DPM

The DPM is made up of two PMs with a
central axis as shown in Fig. 1. In the first PM,
fori=1, 2, 3, linear actuators LA i are connected
from Bi of Base-1 to Pi of Platform-1 through
universal joints placed for |[Og B|=r5 and
| Op P;|=7p1 B, and B, are symmetrically locat-
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Fig. 2 Linear actuator and central axis.

ed for £ Bi1.20s Bs= s, and Py and P, are
also symmetric for £ Pj;_) 2 Op, Pa={py. Similar-
ly, for i=4, 5, LA i of the second PM are con-
nected from Bi of Base-2 to Pi of Platform-2,
which are located for |Op,Bil|= s and |0,
=¥py, forming angles &, and ¢, from the hori-
zontal axis. Qg (i=1,2) and O, (i=1, 2) are the
center points of the bases and platforms, respec-
tively. As viewed in Fig. 2, the link train of LA i
is composed of @1~ 62~ 63 Gia— G5~ Gie» Which are
all passive joints except for the sliding joint g
whice is actively actuated to vary the length of
LA i. To increase the rotational range of the
universal joints, offset links are inserted in the
upper universal joints of the first PM and in the
lower joints of the second PM.

A central axis is comprised of all passive joints
&- 65— 65— B4 G5 with offset links inserted in both
the upper and lower universal joints, While
6~ 6.6, places platform-1 at a desired position
by constraining the first PM, §,-§; rotate the
platform-2 to a desired orientation using the
second PM. It is important to note the passive
Jjoint displacements 4- -6, and ¢,- (s are decou-
pled and independently generated by LA i(i=1,
2, 3) and LA_i (i=4, 5), respectively. Therefore
the orientational workspace of the second PM is
geometrically decoupled from the positional wor-
kspace of the first PM. Adding 4, to the second
PM provides the DPM with 6-degrees of freedom.
For kinematic analysis, Cartesian coordinates {i}
(i=0,---, 6) are assigned to joints of the central
axis as viewed in Figs, 1 and 2.

3. Workspace Analysis

Many researchers (Fichter, 1986; Waldron,
Raghavan and Roth, 1989) depicted the reachable
workspace of a platform using inverse kinematics.
Gosselin (Gosselin, 1990) analytically computed
the workspace volume by dissecting it into sec-
tional areas to be integrated. The previous works
focus on the positional workspace which a plat-
form is able to reach with a fixed orientation. In
practice, a workspace with the small range of
possible orientations is generally not useful.
Hence the orientational workspace must be
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Table 1. Design parameters of DPM.
Name 03 min 0’«1 max Name
250
central | o3 | 1133 Y5
axis 7Pl 120
Va2 80
Name &3 min 4 max
smn | O rer 150
i ={0s 730
LAT | 5y | g [A51020M
(=129 cp 20
LA_i 630 835 Ema=1.2) 120°, 20°
(1=4:5) Lrig=1,2) 120°, 45°

examined. This paper presents a positional and
an orientational workspace separately, and ana-
lyzes singularity loci occurring in each space.
Using the interference decision algorithms der-
ived by Merlet (Merlet, 1994), we determine the
design parameters indicated in Table I to maxi-
mize the workspace avoiding interference.

It is noted that offset links enlarge the
rotational range of universal joints but their short
lengths yield little influence on the workspace and
singularities. Hence we neglect them but keep the
wide range from the offset links. The range of
universal joints with an oftset link is 70°, but the
range without oftset links is reduced to 25° due to
yoke interference. For a well-designed DPM,
there is no interference within the ranges of the
linear actuators. Thus the workspace is obtained
by comb ining the space generated by the linear
actuators moving from the minimum to the maxi-
mum length.

The position of Platform-1 attained by LA i(i
=1, 2, 3) is computed for a positional workspace
which is described as 70z, Op,. From closed loops
03, B:P;0p103,, the length of LA i are

6{3:|IUT)B.|OP:_OOBlBi+OR330P1Pi|| (l)

where the superscripts represent the coordinates
describing vectors and matrices. Let {x, y, z}"=

05,0p, and {ina Noi» ZOz‘}TZOOBlBi_ORIiSOHPi
6% of Eq. (1) is written as

01'23: (x—xoi)2+ (y—in)2+ (Z—Zoi)z
(7=1,2,3) (2)

With 0031 _{szs VBi» 281} and FOH
VoinZpi}! Xoi» Vor and z,, are described by

- {xpn

Xo:=Xp: — FuXpi— V12¥ei — Viadp;
Voi= Vpi— ¥12Xpi — VoaVei = V23lpi
20§ == Zpi — Ya1Xpi — V32¥Vri — V332pi (3)

where r; are elements of °/, expressed by 6, &
and @, Forward kinematics of the central axis
yields
x=0s(B), y=—0s(6)c(),
z=0;¢(6) c(6) (4)
where s(.) =sin(.) and ¢(.)=cos(.). Solving

for 6. @ and @, with x, y and z and substituting
them into "Rs gives

Jy+2 _ox

—xy z y

|V A A
— Xz -y <

Sty 2y 2 (Y2 Iyt

(3)
All elements are expressed by a unique solution
at —-er- < 0;(i=1, 2) <%, which is always true

because the range of the universal joints should

71'

not be beyond 5. FOr /i ma< Ois<limn, EQ-

(2) with minimum and maximum lengths is
respectively rewritten as

Ui mmZ: (X—XO1)2‘+‘ (V_in)2+ (Z—ZM)Z

(i=1, 2, 3) (6a)
Z! maxz— (X_X()i) + (y_in)2+ (Z_Zoi)2
(=12, 3) (6b)

The equations represent the spheres where radii
are [, mn? and /; ma’ respectively, with changing
centers {xon voir 2. Fori=1, 2, 3, the workspace
is confined to the space betwean an inner sphere
with radius /; mn and an outer sphere with radius
l: max. Fixing z=3z, in Eqs(6a) and (6b), we
obtain

Rimn’=(x—x0) >+ (y — 300 *(i=1, 2, 3) (7a)
Ri mﬂxzz (x_xOf)2+ (y—ym')z(iil’ 2’ 3) (7b)

where

lz' rznln ( zOz)z fOI‘ l; min ( )
ki ““"_{0 for /; By — (2x—201) *< }
Lihax— (2e—2 ) for [x thox— (2 i) >0
L=
Rifw=] for /s hux— (24 Vﬂ}
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These describe circles where radii are R, . and
Ry mao respectively, with changing centers {x,,,
vo:} yielding ellipsoidal curves. These cause com-
plications in the workspace analysis of the DPM.
For the Stewart Platform workspace expressed by
Gosselin (Gosselin, 1990), the centers are fixed
for circles so that the arcs surrounding the sec-
tional areas are easily found. Bul the arcs with
changing centers must be detected by the roots of
the constraint eqs (7a) and (7b). Closed curves
formed by the roots x and y are found from

Simn=/\:mn(x, ) for B, mn (=1, 2, 3) (8a)
Sc‘ max—J ¢ max(xs y) for R, mnx(l':li 2, 3) (Sb)

For each linear actuator, f; m, and f; pay are
functions of S, and S .. respectively, re-
presenting an annular area A, .. Due to the
distance of the linear actuators, an actuator
restricts the regions generated by the others.
Hence the workspace is the common region in
which all three annular areas are included:

An=A1 N Az e N As 2k (9

To compute A4,, surrounded by several arcs, we
sort the inner and outer boundary arcs with inter-
secting points and then apply the Gauss Diver-
gence Tbeibar (Kreyszig, 1982) to compute the
area.:

A= 1/2/: Qi * NS, (10)

where ); is a distance vector from the origin to
dS; and 5, is a normal vector to ¢S;. Since y, has
negative or positive directions according to the
boundaries, /A, is obtained by subtracting the
area enclosed by the inner boundary from the
area enclosed by the outer boundary. Summing
the sectional areas multiplied by height %, yields
the volume of the workspace:

M
Woas= 23 Az It (1)

Figure 3 depicts the sectional areas of the
positional workspace at z,=730, 900, and 1100,
At small heights (z,=730), the annular area A, ,,
surrounded by S, ., and S; nec Occur because
both /; wn and /; may restrict the workspace, but at
large heights (z,=900, 1100) §; .. disappears
due to no restriction by /; n... A large area is

- _._‘7.-——“"

T 2=900mm A =0.953m¢

ab Z=1100mm A =0.055m?

1100

Fig. 3 Positional workspace of DPM in X-Y plane
at z,=730, 900 and 1100.

acquired at small heights but there is an unreacha-
ble interior region which is the useful space.
Hence we sum the sectional areas from z,=
800mm to z,=1132mm to get 0.228m® for a
positional
region.

Next, we analyze the orientational workspace
expressed by @, and ¢ which are the rotated
angles of platform-2 with respect to base~2. From
the closed loops 0,0, B;P:0p, for i=4, 5, the
length of LA i is

0:=1F0p, 05, ~ O, P, +*R200B)|  (12)

where

workspace with reachable interior

“c(f)  s(@)s(8)  s(6)c()
SR, = 0 c(6) —s(6) |
_5(54) (?(494)5((95) 0(04)0(495)
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Fig. 4 Orientational workspace of DPM.

50p2032=(ls(64)c(55)a —18(95)’ 10(54)(«'('95)}
and / is the fixed distance from Oy to (Jg,. Sub-
stituting the minimum and maximum lengths into
Eq. (12) yields

i mox*=|"0p, 05, —*Or, P; +°R;’ O3, Bil* (13a)

Ii mmzZHSOh OBz _S-OPzPi +5R2208231"2 (l3b)

Curves formed by the roots §, and @ of the
above equations are

Si mn=/i mn (85 G5)
Si maX:fi max(049 55)

The common region bounded by S; mn and S,
max 15 the orientational workspace:

Worn=A4N As (15)

Figure 4 shows the orientational workspace
surrounded by S; mn and S; max for i=4, 5. The
ranges of g, and @ are +75°, respectively, which
is independently generated by LA i(i=4, 5) and
decoupled from the positional workspace.

(14a)
(14b)

4. Singularity Analysis

For a Stewart Platform, the Jacobian can be
derived using screw theory (Fichter, 1986). How-
evers a it cannot be directly applied to the DPM
since velocities are separately generated in the
first and the second PM. Instead, we use a motor
(Sugimoto, 1987) defined by the relationship
between the velocity of a joint and the resultant
velocity of the platform. If the velocity of point
“0™ in the platform is {V}, Q,}" generated by a
unit velocity of joint g, then a 6 x 1 motor vector
is defined as °M;={V,, £2,}". The left superscript
indicates the point where the velocities are in-
spected and the right subscripts i and j represent

the numbers for the link train and joint, respec-
tively.

From the definition of motor, the velocity of an
end effector is

Vel Os= GO Mer+ 02 Moo+ + 6:°° Mo
(16)
where Vel O which is a 6x] vector, represents
the linear and angular velocity of a point (g
assigned to the end effector. % )/, is the motor of
joint i of the central axis and §; is the joint
velocity. Let %7 =[% M., %M+ -% Me); the joint
velocities of a central axis are the
O="]5" Vel _Os (17)
where @=[6y, 6 -+, 6s]7. Only velocity Gs is
directly controlled by an active joint but the other
passive velocities §;(i=1, 2, -+, 5) must be in-
directly generated by LA i (i=1, 2, -+, 5). To
compute the linear actuator velocity, we analyze
the velocities of platform-1 and -2. Due to the
short length of the offset links, they do not affect
the velocities much but increase complexity by
including revolute velocities. Thus we neglect the
offset links. From the joint velocities and the
motors of the central axis, the linear velocities of
point Pi, [ Vel P:]y, with respect to base-1 and
base-2 are obtained respectively by

[ Vel_Pi]V: (9'1[p‘Mc1]V+ (9.2[p1Mc2]V
O " Mes) (i=1, 2, 3) (18)
[ Vel_Pi]V: 54[piMc4]v + és[piMcs] v
(i=4, 5) (19)
where a 3x 1 vector, [.]y, is the linear velocity
component of motor [.]. Ignoring the offset link,
[ Vel P}y can be projected to the velocity of
linear actuator:

g{azuir[ V@[_Pi]v (20)

where g, is the unit vector of linear actuator,
which is obtained from

e e wi] =Bk 21
Ui [uxx Uiy uzz] | ”75,1}—)’” ( )

Let us define the following matrices formed by
the motors;

[P Jelv [P Malv [PMelv [P Mealv]
(i=1,2, 3) 22)
(P T)vl[*Malv [P Mes)v] (1=4, 5) (23)
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and combine Eqs (17) to (23) to yield

[(913 bhs Gss Gus Gss GG]T‘EAaBsD“fgl Vel O
(24)

where A, and B, are 6 16 and 16 x 6 matrices,
respectively, written as

[ 1
ui | 0
E u%T
AS: uAT ,
ud |
0 ug |
L 14
"[plfc]v f
[ ]elv Oeaxa)
5 ["]c]v
AR
Oaxey ¢ [elv i Dot
- v Oaxe E 1 4

Therefore, the Jacobian matrix relating Vel (s
to the linear actuator velocities is

Js=AB ! (25)
The Jacoblan determinant is
Det{]s]=Det[ AsBs] Det[%]:] (26)

For the singularity analysis of a central axis, we
use Def[%].] rather than Def[% /7] since the
singularity occurs even though Det[%/.]=0,
which is simply expressed by

Det[®]]=—6% c(6) c(0) (27)

This involves only three joint displacements g,
(i=2, 3, 5) not causing Det[?].]=0 due to >
0 and —90°< §,(i=2, 5) < 90°, which are always
true because @, is the length and 4, (i=2, 5) are
the angles of universal joints. Therefore, no singu-
larity arises from the central axis.

Next, to examine the singularity of the PMs,
Detl| AsBs] is divided by g5

Det[*AB]= Det[ AsBs/ (28)

Partitioning AR to 4 sub-matrices yields

FD 3x3d) O(SxS)
SAB=[ T o |
0(3x3) SD(axa)..

As shown, the determinant is decoupled by

Det[*AB]=Det|FD] Det[SD] (29)

where Det{FD] and Det[SD] are the determi-
nants of the first and the second PMs, respective-
ly, written as Egs. (30) and (31).

The first PM singularity is determined by three
variables @;(j=1, 2, 3) for Det[FD]=0, Fig. 5
shows the singularity loci g;(i=1, 2) at g=
900mm. Although §g; is varied from 800mm to
1100mm, the deviations of &, and 4, are less than
+1°. This indicates that the loci are not influen-
ced much by &. g, reveals the cases in which 4,=
0° and §,90° while ¢, shows the configurations
at which LA i(i=1, 2, 3) are close to the plane of
the Base-1 by combining 4, and 4, to 90°. From

Positional
Workspace

Orientational
Workspace

Fig. 6

The singularity loci of the second PM.
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these results, it is found that the singularities in
the first PM never occur inside the regular work-
space.

As shown in Fig. 6, the second PM singularity
loci g;(i=3, 4) are found by two roots g, and g
for Det[ SD]=0. When the directions of LA i (i
=4, 5) are collinear on platform-2, singularities
arise because velocity transformations cannot be
accomplished. In reality, such configur ations do
not arise since @, is close to +90°, causing linear

32037’317’1’16’( En) (qu)

~ 128, vk, +48 6%
|

__¥ec\ia1) | Garm¥e
Det[FD]= 32 8GrEilnc(m)

160327’1’1C(§Bl) C(CPJ)
12517’;2’16 (CBL,) C(é‘m)

0(01_02) —c(bi+ G +c(B—36) ‘|‘C'(l91‘|‘3492)

Lee, Min Ki and Park, Kun Woo

actuators to contact platform-2. These singular-
ities are depicted by two points of g; When
platform-2 is rotated to 90° by combining 4, and
&.. the singularity locus g, arises. Like the first
PM, these singularity loci never occur in the
regular workspace. Therefore all loci g,(i=1, 2,
the positional and the
orientational workspaces presented in Figs. 3 and
4. This show that the DPM is free from the
singularity problem within the regular workspace.

3, 4) are outside

~1+c(26)
6(91)
c(0—26) +C((91‘|‘292)

37’31 Vﬁl
Erbac (L)
7’527’1%28 («’,’gz) ( é’zgz)
Det[SD]= ¥Ear P28 (E2) ¢ (a2 € (EB2)
/7’327’1%20 (é'gz) = ( fﬁz)

e 17’327’1%26‘ ( é’Bz) c (é‘)%z)

“3c(() ¢ 20— 8)+ (26 +6) (30)
28(92) +S(201_t92) —8(2(91+(92)
2526) +s2(6i- B)) —s 2O+ )
L35(51—62)—35(1‘/’1-|-92)—8(91‘*3192) +5(0+30
T (!_(55) +035¢(20,— 6:) +0.5¢ L0+ k)
¢ ((95) _0-50 (254”" 05) _0~SC (254+ (95)
—c(G) +0.5¢(6,—265) +0.5¢ (6, +26%) (31

—5(0) +0.55(0,—265) +0.55 (i +205)
s (26— 65) +5 264+ 65)

5. Conclusion

This paper computes the workspace of the
DPM, which is decoupled into a positional work-
space generated by the first PM and an
orientational workspace generated by the second
PM. For each workspace, the singularities are
analytically examined by the Jacobian matrix
transforming the velocity of each platform to
those of the linear actuators. The Jacobian is
decoupled to a central axis, the first PM and the
second PM, each is separately analyzed to find
singularity points with rank deficiency. No singu-
larity in the central axis occurs but those in the
first and the second PM arise with distinct loci
when the combined angles of g,;(i=1,2) or g;(i=
4, 5) are close to +=90° regardless of &,

This indicates that the singularities arise out-
side the regular workspace. Therefore, it is con-
cluded that the DPM is free from the singularity
problem inside its regular workspace.
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